ABSTRACT. In this paper, we give some relations between multivariable Laguerre polynomials and other well-known multivariable polynomials. We get various families of multilinear and multilateral generating functions for these polynomials. Some special cases are also presented.
Introduction
As usual, let r F s denote the generalized hypergeometric function with r numerator and s denominator parameters. Then, the classical Laguerre polynomials L (α) n (x) of degree n are given by the Rodrigues formula [8] It is well-known that these polynomials are orthogonal over the interval (0, ∞) with respect to the weight function ω (x) = e −x x α for Re(α) > −1. Actually, we have
where Re (α) > −1; m, n ∈ N 0 := N ∪ {0}; and also δ m,n being the Kronecker delta. By P (α,β) n (x) and H n (x) we denote the classical Jacobi polynomials and Hermite polynomials, respectively. Then, we get (see, e.g., [10] ) that
and
Now, we consider the following multivariable Laguerre polynomials:
where x = (x 1 , . . . , x r ) and |n| = n 1 + · · · + n r ; n 1 , . . . , n r ∈ N 0 (see [5] ). It is known that the polynomials L (α 1 ,...,α r ) n (x) are orthogonal with respect to the weight function ρ (x) = ρ 1 (x 1 ) . . . ρ r (x r ) = e −(x 1 +···+x r ) x
. . , r . Indeed, it follows from the next equality:
. . , r; and dx = dx 1 . . . dx r . In this paper, we derive various families of multilinear and multilateral generating functions for the polynomials L (α 1 ,...,α r ) n (x) given by (1.4). Furthermore, we obtain limit relationships between these polynomials and some other known multivariable polynomials, such as Hermite polynomials.
Some properties of multivariable Laguerre polynomials
We first deal with the classical Laguerre polynomials in order to get various limit relations involving other well-known polynomials. Recall that, in [10] , Szegö introduced the extended Jacobi polynomial (EJP) F (α,β) n (x; a, b, c) with the following generalized Rodrigues formula (see also [7] ): 
holds. Furthermore, if g (α,β) n (x, y) denote the classical Lagrange polynomials (see, e.g., [6: p. 267]), then we have
We now recall the Chan-Chyan-Srivastava (CCS) polynomials g
(see [4] ), which is a multivariable extension of the classical Lagrange polynomials, generated by
where |t| < min
following relation between Jacobi polynomials and CCS polynomials:
Hence, using the above properties we immediately get the next result.
Ì ÓÖ Ñ 2.1º For the classical Laguerre polynomials L (α)
n (x), we have:
We now focus on the multivariable Laguerre polynomials given by (1.4). We first give the following well-known relations between the classical Laguerre polynomials and Hermite polynomials (see [2] ):
RABİA AKTAŞ -ESRA ERKUŞ-DUMAN
As in the definition (1.4), we may consider the multivariable Hermite polynomials H n (x) as follows (see [5] ):
Then, using these properties and also considering (1.1), one can obtain the following result at once.
Ì ÓÖ Ñ 2.2º For the multivariable Laguerre polynomials
If we take 
over the domain
which completes the proof.
THE LAGUERRE POLYNOMIALS IN SEVERAL VARIABLES
Also, we can show that
r are orthogonal with respect to the weight function ω 1 
r . Now, we recall the multivariable extended Jacobi polynomials defined by (see [1] )
In a similar way, the multivariable Jacobi polynomials P (α 1 ,...,α r ;β 1 ,...,β r ) n (x) were defined as follows (see [5] ):
Hence using the polynomials F 
(i) Using (1.4) and (Theorem 2.1 (i)), we can write that
where
(ii) It follows from (1.2) immediately.
(iii) It is enough to use (1.4) and (1.3).
Before closing this section, we obtain some integral representations for the multivariable Laguerre polynomials. To see that first recall the following integral representations for the classical Laguerre polynomials L
where J α (x) is the α-th order Bessel function of the first kind (see [2] ). As a result of these formulas, we can prove the next result.
Ì ÓÖ Ñ 2.5º For the multivariable Laguerre polynomials
L (α 1 ,...,α r ) n (x), we have: (i) L (α 1 ,...,α r ) n (x) = e x 1 +···+x r ∞ x 1 ∞ x 2 . . . ∞ x r r i=1 (t i −x i ) β i −α i −1 Γ(β i −α i ) e −t i L (β i ) n i (t i ) dt = e x 1 +···+x r ∞ x 1 ∞ x 2 . . . ∞ x r r i=1 (t i −x i ) β i −α i −1 Γ(β i −α i ) e −t i L (β 1 ,...,β r ) n (t 1 , . . . , t r ) dt,where β i > α i , n i ∈ {0, 1, . . . } (i = 1, . . . , r), dt = dt 1 . . . dt r , (ii) L (α 1 ,...,α r ) n (x) = ∞ 0 ∞ 0 . . . ∞ 0 r i=1 e x i x −α i /2 i n i ! t n i +α i /2 i J α i 2 √ x i t i e −t i dt,whereα i > −1, n i ∈ {0, 1, . . . } (i = 1, .
. . , r).

THE LAGUERRE POLYNOMIALS IN SEVERAL VARIABLES
Generating functions and recurrence relations
In this section, we find some generating functions and recurrence relations for the multivariable Laguerre polynomials L (α 1 ,...,α r ) n (x) defined by (1.4). Firstly, recall that the classical Laguerre polynomials are generated by (see, e.g., [9] )
for arbitrary c, where (λ) k := λ (λ + 1) . . . (λ + k − 1) and (λ) 0 := 1 denote the Pochhammer symbol. Furthermore, from [9] , we know that
where λ and µ are arbitrary parameters and φ 1 is Humbert's confluent hypergeometric function of two variables defined by
Then, using the above expressions we deduce the following result.
Ì ÓÖ Ñ 3.1º For the multivariable Laguerre polynomials L
(α 1 ,...,α r ) n (x), we have:
, where
. . .
and also ξ n (n 1 , . . . , n r−1 ) =
In order to get some recurrence relations we need the following lemma.
Ä ÑÑ 3.1º
Let a generating function for a polynomial f n 1 ,...,n r (x) of degree n i with respect to x i (with total degree n = n 1 + · · · + n r ) be
r).
Then, for i = 1, . . . , r, we have
for n i ≥ 1.
P r o o f. Differentiating (3.1) with respect to x i and t i and after some simple calculations, we obtain the desired results.
Considering Theorem 3.1(i), if we take
then, as a result of Lemma 3.1 , one can easily obtain the next result.
Ì ÓÖ Ñ 3.2º For the multivariable Laguerre polynomials L (α 1 ,...,α r ) n (x), we have the following recurrence relations for each i = 1, 2, . . . , r :
for n i ≥ 1. Now, as in the proof of Lemma 3.1, one can get the following lemma which is needed to find another recurrence relation.
Ä ÑÑ 3.2º Let a generating function for a polynomial f n 1 ,...,n r (x) of degree n i with respect to x i (with total degree n = n 1 + · · · + n r ) be 
and also consider Theorem 3.1(i), then we conclude the following result. 
and 
Multilinear and multilateral generating functions
where (a k = 0, ψ ∈ C); y = (y 1 , . . . , y s ) (s ∈ N); and
where n, p ∈ N, x = (x 1 , . . . , x r ). Then we have
provided that each member of (4.3) exists.
P r o o f. If we denote the left-hand side of (4.3) by S and use (4.2), then we obtain
Replacing n by n + pk we may write
In a similar manner we also get the next result easily. If we use Theorem 3.1 (i), then the proof is completed.
Some special cases
It is possible to give many applications of our theorems obtained in the previous sections with help of appropriate choices of the multivariable functions Ω µ+ψk (y), y = (y 1 , . . . , y s ), k ∈ N 0 , s ∈ N. 
